A new idea of perturbing Lyapunov functions is presented which permits one to discuss nonuniform properties of solutions of differential equations under weaker assumptions
R n .
We wish to present, in this paper, a new idea which permits us to discuss nonuniform properties of solutions of differential equations under weaker assumptions. Our results will show that equiboundedness can be proved without assuming conditions everywhere in R" (as in the case of uniform boundedness), provided we appropriately perturb the Lyapunov functions. Our results also imply that when the Lyapunov function found does not satisfy all the desired conditions, it is fruitful to perturb that Lyapunov function rather than discard it. We also discuss the corresponding situation relative to equistability.
We feel that the idea of perturbing Lyapunov functions introduced in this paper is a useful and important tool in the study of nonuniform properties of solutions as well as the preservation of those properties under constantly acting perturbations and therefore deserves further investigation.
2. Equibonndedness. We consider the differential system
where fe C[R ÷ x R"; R"]. Here R ÷ denotes the nonnegative real line, R" the euclidean space and C[R ÷ x R", R"] the class of continuous functions from R ÷ x R" to R". For any set E c R", we denote by E, E c and dE, the closure, the complement and the boundary of E respectively. For any p > 0, let S(p) = [xeR": IIx[I < p], I1"11 being any convenient norm in R". THEOREM 1. Assume that: Hence, the inequality (2.11) gives, because of the relations (2.3), (2.8), (2.9), (2.10), (2.13) and the fact that V 1 > 0,
which is a contradiction.
If case (ii) holds, we again arrive at the inequality (2.11), where t~ > t satisfies (2.10). We now have, in place of (2.12), the relation
Vl(t 1, x(tp t o, Xo)) <_ rl(t 1, f, Vl(f, x(f, t o, Xo))).

Since x(~, to, Xo) e #E and I/1(t, x(?, t o, Xo) ) <_ ct* < ~, arguing as before, we arrive at the contradiction (2.14). This proves that if xoES(~t), and ct > p, then x(t, to, Xo) ~ S(fl), for t > t o. For ~ < p, we set fl(t o, ~) = fl(t o, p) and hence the proof is complete, []
Remarks: Theorem 1 improves significantly the equiboundedness result in [Th. 3.13. 1, 2] . Consider the special case 91 = g2 ~ 0 which improves a similar result in [3] and Corollary 3.13.1 in [2] . The hypothesis (ii) together with D+V1 < 0 is not enough to apply Corollary 3.13.1 because we will not have D + V 2 < 0. Also, hypothesis (i) is not sufficient to imply the stated result. We may be tempted to conclude, at a first glance, that by setting V= V 1 + V2, all the assumptions of Corollary 3.13.1 in [2] are satisfied. This is not true because the right estimate in (2.3), namely V(t, x) < a(l]x][), does not hold. As a result, the proof of Corollary 3.13.1 in [2] breaks down. Thus, our results demonstrate the advantage of perturbing Lyapunov functions.
Equistability:
For the purpose of this section, it is enough to suppose that f~ C[R + x S(p), R"], for some p > 0. THEOREM 
Assume that (i) V I e C[ R + x S(p), R+], Vl(t, x) is locally Lipsehitzian in x, Vl(t , o) -0 and D + VI(t, x) <_ gl(t, Vl(t, x)), (t, x)e R + x S(p), (ii) where glEC[R + xR +, R] and gl(t, o) -O; for ever), tl > O, there exists a V2,,eC[R + xS(p)~SC(tl), R+], V. is locally Lipschitzian in x,
b(ILxll) < v2, .(t, x) <_ a(Nx [[), (t, x)e R + x S(p)¢~ S~(t/),
where a, bEC[(o, p), R+], a(u), b(u) increasing in u and a(u) -* 0 as u -. 0 and D+ VI(t, x)+ D+ V2(t, x) < gz(t, Vl(t , x)+ V2(t , x)) for (t, x) e R + x S(p)c~ SC(tl), where g2eC[R + xR +, R], g2(t, o) -O; (iii) the trivial solution is equistable with respect to the equation u' = gx(t, u), U(to) = u o >_ O, (3.1)
and un(formly stable with respect to the equation
Then, the trivial solution of the system (2.1) is equistable." Proof Let 0 < e < p and to sR + be given. Since the trivial solution is uniformly stable relative to the eqtiation (3. ~--F2(t2, fl, VI(I,, X(tl, to, Xo))--~ V2,rl(tl, X(f 1, l O, XO))), r2(t, t 1, %) being the maximal solution of(3.2) such that rz(tl, ta, %) = %. We also have
Vl(tl, x(t 1, t o, Xo)) <_ rl(t ,, to, V,(to, Xo)),
where r,(t, to, Uo) is the maximal solution of (3.1). By (3.5)and (3.6), we get (3.9)
